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Experimental cw line shapes have been obtained for Li’, Na%, and F!° nuclei in NaF and LiF
single crystals, and compared with several line-shape theories. A new line-shape theory is
described which gives better results than previous ones for these two crystal systems.

INTRODUCTION

Ever since the discovery of nuclear magnetic
resonance (NMR) by Purcell et al.! and Bloch
et al.,? considerable effort has been devoted to
the theoretical description of dipolar broadened
line shapes in crystals. Until 1967, most experi-
mental and theoretical studies of single crystals,
such as those by Pake and Purcell, ® Bruce, 4 Lowe
and Norberg, ® and others, *~° centered largely
around the calcium fluoride crystal, which has a
single magnetic ingredient of spin 1 on a simple
cubic lattice.

Lee, Tse, Goldburg, and Lowe' (LTGL) gener-
alized existing theory to include more complex
systems and presented the experimental results for
the sodium resonance in the two-spin face-centered
cubic (fcc) NaCl crystal, where both nuclei have
spins of 3.

Hutchins and Day'! have reported the results of
experiments on the two-spin fcc CsF crystal where
the cesium and fluorine nuclei have spins of % and
3, respectively. Their results showed poor agree-
ment with the LTGL theory generally, and attempts
to establish cesium quadrupole-moment effects
were indeterminate, leading the authors to the con-
clusion that dipolar broadening theory was inade-

quate for the cesium resonance.

In a recently published paper, Fornes, Parker,
and Memory*? (FPM) have extended the theory of
LTGL and that of Evans and Powles® as generalized
by Demco, ** and applied their results to the pre-
vious work on NaCl and CsF, with better results.

This paper presents the results of theoretical
and experimental investigations of the NMR line
shapes in NaF and LiF. Fourier transforms of
continuous-wave (cw) data are compared with line
shapes from the theories of LTGL and FPM. Ex-
perimental moments are compared with theoretical
moments from Van Vleck, ** and a line-shape theory
based on the Gram-Charlier expansion is presented.

EXPERIMENTAL PROCEDURE

Single crystals of LiF and NaF grown along the
[110] axis were obtained from the Harshaw Chemical
Company, and were determined to be within 1° of
the axis by x-ray diffraction. All spectra were
cw derivative curves taken on a Varian DA-60
spectrometer operating at 56.4 MHz for F!° and
15.1 MHz for Li" and Na?®, Fourier transforms
of the spectra were obtained by computer for com-
parison with theoretical free-induction decay (FID)
curves.

TABLE I. Experimental and theoretical values of (Mp)? and (M)"* of NMR absorption line in NaF and LiF.
(A1l moments are expressed in units of gauss.) )

H, parallel ()12 M1y)1? (M) (M)
to Nucleus Theor Expt Theor Expt
(111) Na IN NaF 1.56 1.60 2.05 2.07
(110) 2.38 2.33 3.25 3.12
(100) 3.91 3.82 5.36 4.94
(111) F IN NaF 2.16 2.14 2.70 2.65
(110) 2.37 2.35 2.93 2.90
(100) 2.90 2.83 3.72 3.59
(111) Li'” IN LiF 3.10 3.00 3.93 3.79
(110) 4,09 4.04 5.30 5,24
(100) 6.17 5.92 8.19 7.63
(111) F IN LiF 3.38 3.30 4,25 4.12
(110) 4.09 3.95 5.14 4.94
(100) 5.70 5.55 7.38 7.08
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MOMENTS

Theoretical second and fourth moments of the
absorption line were calculated by applying the

results of Van Vleck!* to a two-spin fcc lattice.
J

(AH?)
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In addition, the contributions from the two isotopes
of lithium were included with weighted sums de-
scribed by Abragam®® and Fornes. ¢

The final form of the second and fourth moments
for a system consisting of two spins, each with two
isotopes, is

s = (hZuPy +5vh Z12P1z)<l?3§k> +30/31Z21 Py +732222P22)<%:03k> , (1)
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where vy,, is the gyromagnetic ratio of nucleus a, iso-
tope b (y,, represents the nucleus being probed);
Z4=Sa (Sgp+1), where S, is the spin of nucleus 7,
isotope b; P, is the fractional abundance of nucle-
us 2, isotope b; a prime on a summation indicates
that the point at the origin, labeled j, is omitted
from the sum.

The geometry factors B;, and C;, are defined as

B,=(1-3cosé%.)R7 ,
(3)

Cjp=(1-cosb’ )R}

where 6, is the angle between R, and the static
field H=Hyk. The vector R;, comes from the vec-
tor between lattice points

Vie=5 [0+ )i + (L +m)j + (m +n)k] a4 = 3R ;1
or

Viw =5 [+l +1)i+ (L +m +1)j + Om +n + 1)k] a4

1
= ER.Ik"l() ’

where n, 1, m are integers used to generate the
points on a fcc lattice, and a, is the unit-cell di-
mension.

The second-moment values (M,)"/% = ((AH%)'2 in
units of gauss were calculated on the IBM 1130
computer with sums taken over all like neighbors
within a cube of dimension 16a, and unlike neigh-

r
TABLE II. Lattice sums for a fcc crystal.
Sy=2 BY,
[
Sy=2 C?-k
k

S3 =k21 Bl (B;;— By)*
s4=k21 B, (B%,+BL)

Sg= kEI By (B~ Bj)*

Se=2% 5 B (Y +CL) — 5 ’ZZI B, (Cjp0 = Cppe)?
S;= kzl (Cjpr = Cj1)?

SB=2;B§k

SQ=E’¢C§-;2

Values for lattice sums as a function of crystal direction

[111] [110] [100]
Sy 1.686 1.531 1.072
Sy 0. 601 3.518 12. 274
Ss 4.033 3.903 3.032
S, 4.039 3.615 2.893
S5 2.838 3.895 3.853
S 1.421 7.066 17.178
Sy 0.511 5.248 31.049
Sg 0.189 0.533 0.079
S, 0. 046 2,263 36. 003
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bors within a cube of dimension 17a, Fourth-mo- Zeeman energy terms. Solution of this equation is

ment values (M) = ((AH*)Y* were calculated on
an IBM 360/75 computer over like and unlike neigh-
bors within cubes of dimensions 8z, and 92y, re-
spectively. The theoretical and experimental
values of second moment (M,)!/?, and fourth root
of fourth moment (M,)'/* are shown in Table I for
NaF and LiF crystals with H, parallel to (111),
(110), and (100). The lattice sums for a fcc lattice
are shown in Table II. The quantitative agreement
between theoretical and experimental moments
seems to confirm the dipole-dipole interaction as
the dominant broadening agent for the NMR lines
in these crystals.

THEORY

The equation of motion of the x component of the
magnetization vector, M,=y7l,, in an FID experi-
ment has the normalized envelope function®

F(t)=Tr(,e et/ e "at /M) /Te(2) | (4)

where H; is the dipolar Hamiltonian, truncated to
contain only those terms which commute with the

made difficult by the fact that H,; does not commute

‘with I,.

LTGL simplified the problem by separating H,;
into two terms

Hy=nlx+p),

where ¥ commutes with I, but g8 does not commute
with I, or x. From an iterative procedure, F(¢)
can be written in the form of a Dyson series ex-

- pansion. The first term in the series can be writ-

ten explicitly, but succeeding terms were approx-
imated, giving the form
F(t)=Fo(t) +F @) +Fyt) + + -+, ®)

where the tilde indicates that the terms were ap-

proximated.

Evans and Powles® approached the problem in a
slightly different way by dividing x and B into parts
corresponding to interactions between the resonant
spins, nonresonant spins, and mixed spins. They
were then able to evaluate two terms explicitly,
with the form
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F()=Fo(t) +F,(t) . (6)

The result was later generalized by Demco'® to a
broader range of crystal structures. FPM! took
the generalized equation of Demco and showed that
it could be combined with the LTGL theory to give
the form

F(t)=Fy(t) + Fy(t) + Fy(2) . ()

Theoretical curves obtained from the equation of
FPM and LTGL are shown with the experimental
curves in Figs. 1 and 2. The agreement between
the theories and experiment is in general not im-
pressive and in several cases rather poor.

In view of the great difficulty involved in extend-
ing the theories presented, and their limited suc-
cess in describing the experimental results, another
theoretical approach has been pursued with prom-
ising results. )

It is well known that any symmetric, normaliz-
able function which vanishes at infinity can be ex-
panded in the complete set of Hermite polynomials.
If the function is approximately Gaussian, as in the
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case of NMR line shapes in solids, then it is con-
venient to write

flw)=egv??/2 f) CHy(wa) . (8)
0

Choosing a%=1/%M, makes the series a Gram-
Charlier expansion!”'!® and causes the coefficient
C, to vanish. Other coefficients may be made to
vanish with proper choices of @®. The Fourier
transform FID function is thus

F(t)=e "2 (1 4 Byt*/a* = BotS/ab s+ ), ©)
where
1 /M
B4:;1—! <—M—§'_3> )
1 (M, 15M, >
Bg= — -=—==%4+30
6 6!<M2 M

This expansion is seen to be the sum of a Gaussian
curve and correction terms. Its value lies both in
making use of the fact that the line shape is approxi-

[o]
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FIG. 3. Free-induc-
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from the Gram-Charlier
0 0 9 expansion. The top curve
is a Gaussian; the second
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is a Gaussian plus one
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mately Gaussian and in the use of the accurate Van
Vleck moment formulas. The result for one, two,
and three terms in the expansion are shown in Figs.
3 and 4. Some of the graphs show two of the curves
superimposed, as in the case of Na[111] in Fig. 3.
This occurs because the B, or Bg coefficients in
these cases are almost zero.

CONCLUSIONS

The Gram-Charlier three-moment expansion
agrees rather well with the experimental results
in the case of NaF and LiF, but is not uniquely
successful. For example, a similar series expan-
sion proposed by Bersohn and Das'® does not give
as satisfactory a fit to experimental data as does
the theory of Borckmans and Walgraet. ®

On the other hand, an empirical function using
two moments,

F(t)=e™""% sin bt/ bt
has been presented by Abragam, with good re-

sults. *® It has now been found that Abragam’s
function can be derived explicitly as the first term

in an expansion of spherical Bessel functions with

a Gaussian premultiplier. This and other expan-
sions containing various multipliers and polynomial
sets are discussed in a paper by Parker.?® The
Gram-Charlier three-moment expansion is there-
fore seen to be a special case of a set of moment
expansions which appear to be one of the more ac-
curate theoretical descriptions of dipolar broadened
line shapes in single crystals.
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The moments used in the expansion are the ex-
perimental values; experimental moments were
used in the expansion for two reasons: The the-
oretical sixth moments have not been calculated
yet, and the good agreement between the theoret-
ical and experimental moments indicates that rea-
sonable accuracy can be obtained with the use of
experimental moments.
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